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sl14MARY
Thispaperpresentstheresultsofa prelhinaryinvestigationf
theeffectofnonlinearstructmal.termsontheflutterofa two-degree-
of-freedomsystem.Thethreetypesofnonlinearitiesinvestigatedwere
a flatspot,hysteresis,anda cubicspring.Calculationsweremadeon
ananalogcomputer.Foronecase,thefht spot,an experimentalinves-
tigationwasalsomadeandgoodcorrectionwiththe&y wasfound.
Ingeneral,itwasfoundthatthelinesrflutterspeeddidnot
changeforsmalldisturbanceangles;however,forlargerdisturbanceor
inputangles,theflutterspeedusuallydecreased.Oneexceptionwas
the”culichardspring,forwhicha limited-amplitudeflutterwasfound
to existwellabovethelinearflutterspeed.
INTRODUCTION
lhtilfairlyrecentlytheproblemofaircraftflutterhasbeen
treatedanalyticallyasa purelylinearphenomenon.Potentially,how-
ever,may somcesofnonlinearitiesexistandtheirpossibleffects
arereceivingmoreandmoreattention.It isthought,forexample,
‘ thatmanyofthelimited-amplitudeoscillationsareassociatedwith
nonlinearities.
Intheflutterproblemthreetypesofforces- theinertia,the
damping,andtheelastic- areinvolved.Eachoftheseforcesmayarise
fromeithertheaerodynamicsoftheproblemorframthestructure.Non-
linearitiesa sociatedwiththeaerodynamicsmaysrise,forexsmple.
fromtheeffectsofthicknessorflowseparationorfrcmtheVariatimin
hingemomentswithamplitude.Someaerodynamiceffectsofthickness
havebeenstudiedanalyticallyb Vanlyke(ref.1). He,hastreatedthe
caseoftwo-dimensional,supersonicflowandhasfound,exceptneara
Machnuniberof1,thatthicknesseffectsforthiscasearemderate.
Thestructuralsideoftheproblemayalsogiveriseto nonlin-
earitiesintheinertial,damping,andelasticforces.Thepresent
.- —-. —. —.———. .... ——— — ..— .—. .——
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investigationisconcernedwithno~inearitiesintheelasticforces,and
threetypesofnonlinearspringshavebeenconsidered.Theireffectson
flutterhavebeenexaminedintheinvestigationofa two-dimensional,two- ,,
degree-of-freedomsystem.A partoftheinvestigationhasbeenmadeonan
electronicanalogc&puter.
discussedintheappendix.
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fieanalogrepresen~ationoftheproblemis
SyMBoIS
in translation,radians/see
inpitchforbasiclinearsystem,radians/see
massmomentof ~rtia aboutelasticaxisperunitlengthof
span,slug-ft2/ft
springconstantoflinearsystem,
moment,ft-lb
maSS PW UIlitlength,sIws/ft
ft-lb/radian
massstaticunbalanceperunitlength,referredto elastic
/sxis,Slug-ftft
flutterspeed
flutterspeedoflinearsystem . .
coordinateof centerof~avitymeasuredfromleadingedge,
percentchord
coordinateofelasticaxismeasuredfromleadingedge,per-
centchord
angularfreeplay,deg
angleofrotation,degunlessindicatedotherwise
fluiddensity,slugs/tuft
nondimensionaldistanceof
inhalf-chords,positive
midchord,a = %a-l
wingsemichord,ft
verticaldisplacementfrom
time, sec
pitchsxisfrommidchordmeasured
forpositionsofpitchaxisbehind
equilibrium,f%
—
D3toverquantityindicatesdifferentiationwithrespectotime.
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TYPESOFNONLINEMRSPRINGSINvFsTI-
Nonli.nearitiesintheelasticforcescanariseinmanypossible
ways. Threetypesofnon13nearspringshavebeenconsidered,and
theircharacteristicswe shownasplotsoftheforceormomentrequired
toproducea givendisplacement.(Seefig.l.)
Shownattheleftofthefigureisa flatspot.Thismaybe”con-
sideredto representtheconditionoffreeplayinthehingeor13mksge
ofa controlsystem.
At therightofthefigureis onetypeofhysteresis.As forceor
mment is increased,displacementvariesina linearmanneruntila
pointisreachedatwhicha jumpoccurs,afterwhichthesystemisagah
linesx.On thereturnpath,a correspondingjumpoccursata negative
valueoftheforce.A nonlinearityofthistypemayoccurinthecase
ofa controlsurfacewithfreeplayiffrictionexistsat sanepointin
thelinkage,or itmayoccurthroughtheactionofpowerservos.In
thecaseofa wing,this@pe Ofnonlinearitymightrepresenttheeffect
ofrivetslip.
Thethirdtypeofnonlinearityreatedhasbeentermeda ctiic
spr@, wheretheforceexertedependsontheusualhear powerof
thedisplacementand,inaddition,ona termcontainingthecubeofthe
displacement.‘lMscanbe consideredeitherasa hardspring,which
becomestifferas dispbcementincreases,as shownby thesolidline,
oras a softspring,whichbeccmesweskeras displacementincreases,as
shownby thedashedline. h thecaseofa controlsurface,a hand-
springeffectmightbe associatedwithpowercontrols.h thecaseof
a structure,a hardeningeffectisfoundwhena thinwing,orperhaps
a propeller,is stijectedto increasingamplitudesoftorsion.A soft-
springeffectmaybe associatedwithpanelbuckling.
EFFECTSOFNONUNl?ARSPR.13?GSONAIRCRAFTFLUTZ!ER
Thesethree@es ofnonlinearitieshavebeenconsideredinthe
fluttertivestigationfa two-dimensional,twodegree-of-freedomsystem,
freeto oscillateintranslationa dinpitch.Thefluttercharacter-
isticsofthesystemhavebeendeterminedwithan electronicanalog
computer,usingincompressible,indicialairforces.The.analogrepre-
sentationofthefmdamentalinearflutterequationswasbasedonthe
workofIkd.rd,Pines,andWinSon(ref.2). Fortheflatspot,in
additionto theamalogresults,experimentalresultshavebeenobtained
. ..— .. ..—— ——— —.-.——— .—z
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intheLangley2-by h-footflutteresearchtunnel.Thep@ical
characteristicsofthesystemstreatedforeachofthethreetypesof
nonlinesrspringsaregiveniutableI.
Intheflutteresultstobe discussed,oneofthevariablestobe
empl~edisan inputangle 0. Zhesignificanceofthisinputangleis
giveninthefol.lowzlngdiscussion.
b obta~n resultswiththeanalogcomputerfora particularcase,
a givenvalueofveloci&is selected,thesystemisgivenan initial
displacement(foremmple, Cl),anditsresponsetothisdisplacement
isexaminedforstabiUty.k general,theresultsto followillshcw
thattheresponseofthesystembecomesunstableonlywhena sufficiently
largehitialdisplacementishposed. ~ thephysicalsystem,this
initialdisplacementcorrespondsto theeffectofa gustortoanabrupt
movementofthecontrolstick.
FlutterResultsWiththeGibicSpring
Infigure2,analogresultsreshownforthecnibicspringinthe
torsionaldegreeoffreedom.Results-areshownintheformoftheinput
angle 9 requiredto induceflutterasa functionofvelocity.For
thiscase,therelationbetweenmmnent@ displacementwasarbitrarily
assumedtobe M . 140.59+ 40093,where M isthemment infoot-
younds=a e thetorsional&Lspbcementinradians.Thecoefficient
ofthellne~termin 9 representsthespringconstantinfoot-pounds
perradianoftheUnesr system.
First,theflrrtterspeedoftheUnear systemwasinvestigatedand
wasfoundtobe around270feetpersecond.!I!henjbothhardandSOft
cfiicspringswereconsidered.Flutterboundariesareshownby thesolid
curveforthesoftspringandby thedashedlineforthehardspring.
b bothcases,theflutteregion13esto therightofthebounikxy.
Forthehardspring,theflutterboundaryisa straightlineatthe
flutterspeedofthelinearsystem.Thesoftspr~ inthiscasehada
destabilizingeffectinthatfhrttercouldbe inducedbelowthelinesr
flutterspeedby makingtheinitial.displacementsufficientlyarge.
Forthesystemtreatedherein,however,thedeviationfromthelinear
flutterspeedoccursonlyatfatil.yhighinitialdisplacements.
It isaho ofinteresto considertheflutteramplitudesassociated
withtheseresults.Forboththelinearsystemandthesoftspring,
theflutteroscillationwashighlydivergentat anyvelocityabovethe
flutterboundary.Withthehardspringlathesystem,however,the
flutterampkitudeis selflimited.TbisUmit amplitudeisa function
ofvelocity,however,andincreasesasvelocityisincreasedbeyondthe
flutterboundary. L/
-.
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In studyingotherconfigurations,caseshavebeenfoundinwhich
a hardspringcanbe destabilizing,anditappearsthattheeffects
prdmed by a ctiicspringdependonthestiffuessesoftheori@al
linearsystem.GeneraXly,flutterspeeddecreasesasthebending-
torsionfrequencyratioapproachesunity.H a cubicspring,whether
hardorsoft,tendstomakethisratioapproachunity,itwillprobably
be destabilizing.
FlutterResultsWiththeFlatSpot
Thesecondtypeofnonlinemitytobe consideredisthefI& spot
and,asmentionedpreviously,bothwind-tuunelandanalogstudieswere
made. Themainfeaturesofthemodelusedinthewind-tunneltestsare
showninfigure3. Thesketchrepresentsa two—dimensionalmodelwhich
completelyspansthetestsectionandwhichisfreeto oscilktein
pitchandtranslation.Thepitchingdegreeoffreedomisprovidedby
a bearing-supportedshaftlocatedslightlybe~”d thequarterchord.
Thissysteminturnis suspendedbetweena pairofleafspringson
eithersideofthetestsectionsothattheentiremechanismisfree
totranslate. .
-,
titranslationthesystemislinear.Thenonlineuitywasintro-
ducedinthetorsional.degreeoffreedom.tithemannershowninthe
detailsketch.A led?springisclampedtotheendofthetorsionaxis
anditsfreeendextendsupwardbetweentwosetscrews.Thegapbetween
thescrewscanbe closedcompletelytogivea lineartorsionspringor
openedtoprovideanydesiredamountofangularfreeplay,gi~ the
springcharacteristicshownto therightinfigure3.
h figure’k, resultsobtainedinthewindtunnelwiththisconfig-
urationarecomparedwithanalogresults.Theordinateofthefigure
isagainthetnputamgle e tidegrees.Theabscissaisa flutter-
speedratioV/VL~,whereVL~ istheflutterspeedofthehear
system,anditistiediatelyseenthattheflutterspeedshavebeen
decreased.h theinvestigationtheangularfreeplay 5T waskept
constantat0.5°. Thesolidcurvesandtheregionslabeledsteble,mild
flutter,andflutterefertotheanalogresults.Thecircleshoww5nd-
tunnelexperhmntalpoints.
Inboththeexper-ntandtheanalogresults,a preloadwasincor-
poratedintothesystem.Thispreloadwascomparableineffecto a
deflectedtabandproduceda mmentwhichvariedwiththeveloci~.At
equilibrium,therefore,themodelwasnotcenteredinthefl.atspotbut
.
ratherat somepointonthe13mararmofthediagram.Thismeansthat,
forsmalldisplacementsfromequilibrium,thesystemovedonlyonthis
lineararmsothat,atvelocitiesbelowthelinearflutterspeed,the
systemwasstable.
.. ——. —— ... ——-
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Withdisplacementssl&htlygreaterthanO.~O,theeffectofthe
flatspotbeganto enterthepictureanda regionofmild,13mited-
amp~tudeflutterwasencountered.Herethesystemoscillatedabout .
itsequilibriumpositionacrossonlyonekneeoftheflatspotanddid
nottraversethefullflat-spotwidth.
AS an example,ata va3.ueoftheflutter-speedratioof0.6,the
flutteramplitudeinthisregionofmildflutterwasabout1°. Such
limitedoscillations,whentranslatedtitothe behavioiof control
surfacesinflight,mightnotbe dangerousinthemselvesbticouldbe
significantfroma fatiguestandpoint.
As initialtnputswereincreasedstillfurther,a muchmre tiolent
flutterwasencounter~inwhichthemciieloscillatedcompletelythrough
thefI& spottithlargesmpld.tude.Theexpertientalwhd-tunnelpoints
applytothisviolent@pe offlutterandagreementwiththeanalog
resultsisfairlygood.Althoughnotshowninthefigure,it shouldbe
notedthatintheexperimentaltestsj also,a regionofmildfltiter
wasencounteredat titialdisplacementscomparabletothoseindicated
by theanalog.
3h obtaidngtheseresults,onlya singlevalueofthepreloadhas
beentakenintoaccount,andfurtherstudiesinwhichthepreloadis
variedwouldbe desirable.Thedestabilizingeffectoftheflatspot
inthiscaseisprobablyassociatedwithan effectivereductionintor-
sionalstiffness.~ theabsenceofanypreload,thetorsionalstiff-
nessat equilibriumwouldbe reducedto zero,andpresumablythenone
wouldatleastexpecto encounterunstableoscillationsimtheregion
ofthefIatspot.
FlutterResultsWithHysteresis
H, inadditimtothefreeplay>somesourceofstaticfriction
exists,thehysteresisphenomenonoccurs.As mentionedpreviously,a
hysteresisofthe@_pedescribedmayariseinthecaseoffrictionh
thehingeorlinkageofa controlsurfaceor,inthecaseofa wing,
mightbe associatedwithrivetslip.
Beforeconsideringtheflutteresultswithhysteresis,omepurely
structuralcharacteristicsofthesystemwithhysteresisshouldbe exam-
ined. Showninfigure5 istheresponseofa systemwith~steresisat
zeroa@speed. Theupperandlowertracesreprese~t,respectively,the
displacementofthesystem@ thevariationW momentafterrelease
fromtheinitialdisplacementfromequilibrium.Theindentationson
thelowertiaceoccurwhenthesystempassesthroughtheflatspotsof
the@steresisbox.
NACATN 3539
Thepresenceofthis
effectsonthestructural
7
hysteresisinthesystemhastwoprimary
characteristics.Oneistheintroductionf
variablestructuraldamp~, shownby thelinesdrawntangentothe
uppertrace.At highamplitudes,therateofdecayisrelativelysmall.
As theamplitudeoftheoscillationapproachestheheightofthehys-
teresisbox,thedampingisconsiderablygreater.Whentheoscillation
iscontainedwithinthebox,thestructuraldampinginthisillustration
iszero.
Thesecondeffectofthe@steresisonthestructuralproperties
ofthesystemisnotapparentinthisfigurebutistheintroductionf
an effectivelyweskerspring.At highamplitudesthefrequencyofthe
oscillationislessthanthefrequencyatlowamplitudeswherethe
systemislinear.
Analogresultsforbending-torsionflutterwithhysteresistithe
torsionaldegreeoffreedomareshowninfigure6. Resultsareagaiu
presentedintheformoftheinputamgle e plottedagainstflu%ter
velocity.‘IWOvaluesof 5T,theamountoffreeplayintorsionorthe
widthofthehysteresisbox,wereconsidered.Thesewere ~ of0.2°,
shownbythesolidline,and 8T = 0.4°,shownbythedashedm. l’he
heightofthehysteresisboxwasheldconstant.titheseresults,the
flutteregionliesaboveortotherightofthelines.
Considerfirsttheresultsfor bT of0.2°,shownby thesolid
curve.Forverysmklltiputs,thesystemoscillatesona linethrough
thecenteroftheboxwitha linearspringconstant,aa shownby the
dashedlineinthespringdiagram.Forthisreason,theflutterbound-
aryatthehighestvelocityoccursat
system.
Thisboundaqycontinuesstraight
mentof0.6°isimposed.Actuallyan
0.2° representsa displacementbeyond
the fltiter@eed ofthelinear
uyarduntilan imitialdispMce-
initialdisplacementgreat=than
thelinearpathwithinthehys-
teresisbox. At lowamplitudes,incethepresenceofthehysteresis
introducesa l-argeamountofstructur~damping,forinputsupto 0.6°
theoscillationdecaysandthesystemoscillatess% constantamplitude
withinthehysteresisbox. Forlargerdisplacementsatthelinear
flutterspeedandatvelocitiesabovethelineaxflutterspeed,the
oscillationdivergedrapidly.
As inthecaseoftheflat-spotresults,flutterccn&3beinduced
atvelocitiesbelowthelinearfltiterspeedbymaldngtheinitial
displacementssufficientlyarge.At thelargerdisplacements,the
.—
__—. -- —-
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hysteresisdampingis smallerandthepresenceofthefreeplayinthe “
systemisproducingan effectivelyweakersprtng.Finallya veloci~
isreachedbelowwhichtheairforceswillnotsustainan oscilJ&im .
regardlessofthemagnitudeoftheinitialdispkcement.Forallveloc-
itiesbelowthelhesx flutterspeed,thef1* isoflimitedamplitude.
Resultsforthewiderhysteresisboxexhibithesametrends.At
velocitiesbelauthelinearfltiterspeed,however,greaterinitialdi.s-
placementssrereq~ed to initiateflutter,sincethewiderhysteresis
boxintroducesmoredamping.At thesametime,theincreasedamountof
freeplayreducestheeffectivespringconstantevenmore,andthe
regionofUmited-amplitudeflutt-erextendstoa lowervelocity.
COIWLUDICTGREMARKS
Littleisknownofthee=ct natureandmagnitudeofthenonl.inear-
itieswhichexistinactuala@craft. Thepurposeheretihasbeento
makea preliminarystudyoftheeffectsof somenonlinearitieswhichmight
occur. Theresultshownare,ofcourse,a functionoftheparticukr
configurationstreatedandareperhapsmostcloselyrelatedtotheprob-
lemofcontrol-surfacefltiter.Theyindicate,however,thath some
casesnonlinesreffectscanbe largeandcanbe destabilizing.The
resultsindicatefurtherthatthestabilityofa nonlinearsystemcan
becomea functionofthemagnitudeofsm externalexcitation;itis
alsoindicatedthat,whena nonlimarsystembecomesunstable,its
fluttermaybecomelessviolentandself-limited.
LangleyAeronauticalLaboratory,
NationalAdvisoryCommitteeforAeronautics,
LamgleyField,Va.,May9,1955.
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APPENDIXA
ANAIOGKEPRESENI!ATIONOF ONUNEAR
9
FIUTj?ERQUATIONS
Inthisappendixthewiringdiagramsforthevarioustypes-ofnon-
linearitieswhichhavebeentreatedareconsidered.Infigure7,a
diagramisgivenwhichshowsthewiringfortheanalogrepresentationof
theequationsofmotionforthecompletesystemwiththedashedboxindi-
catingthepointatwhichthenonlinearityiesareintroduced.Figures8,
9, and10 show,respectively,thewiringforthecubicspring,theflat
spot,andthehysteresisnonlinearity.Thefunctionen shownb fig-
ures9 and10denotestheoutputofthenonlinearcircuits.
Theformofthebasicequationsofmotionusedinthewiringis
essentiallythatgivenby reference2. Inreference2 theequationsof
motionaregeneralin.thattheyarewrittenintermsofcoupledmodesof
vibrationandprovideforspanwisevariationsin structuralproperties
andindeflections.Inthepresentanalysisa two-dimensionalsystem
oscillatinginrigidmodesoftranslationh andpitch (3isconsidered.
Forthiscasetheequationsofmotioncanbe writteninthefollowing
form:
Forthetranslational
F
degreeoffreedom,
J-L
ALJo’m-+k-’l)‘T.“~IOTVTJI’-TJ“, +
.
. . . . . -.—
_.. —. ..- —--
~ —. ——— ---
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andforthepitchdegreeoffreedom,
AL~’W-’l)hw“, +‘~J’%-’1)’(’-’.)“1‘
3 4
&J@(T)h(o)+Aa@(T)d@ +&@@) +f&(T)6(0) 1 (A2)
where T = Vt/b iSa IIOIIdh311SiOIIdtime factorand Tl iS _bhevaria-
bleof integration.Forthecasesconsidered,thequantitiesa~earing
intheseequationsaredefined
A* 2IL =m+fipb
Ail=apb2
o ()&:-b 2%L=ym
A~=S -fipb3aa
1
‘U?= 2xpb3(l- a)
o
’12=2r@b3
&.o
& . +@)3
4
‘U = -2mPb2
A4 = -2mpb3~ - a
u ()
as
1
’22
3
’21
A3
22
k
4
’22
s 3a - fipba
()-%pb3~ + a
o
()Ia+ fipb4~ + a2
()2npb4a - $
()~b 21 4Ya (-2rrpba+:
o
:A3)
—.
.,
..
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Theterm @(T) isthe“lj_ft.deficiencyfunction”obtainedfromthe
approximateexpressionbyRobertT. Jones(ref.3) forWagner’sindicial
responsefunction(ref.4)andappears=
@(T)=aleplT+a2e~2T (A4)
where
al =
pl =
Thenonlinearities
andwererepresentedby
characteristicdiagrams
withthefirsttermof
thetorsionalfrequency
ofthemomentfunctiori
0.165 a2 = 0.335
-0.0455 p2= -0.30
w reintroducedinthepitchdegreeoffreedom
circuitswhichcorrespondtothes~ring-
infigure1. Thenonlinearitiesareassociated
A:2. Inthecaseofthecubicspring(fig.8)
~ appearingin A:2 wasexpressedinterms
M= K#+C03 whichwasassumedforthespring-
characteristictiagamoffigure2.
Potentiometersettingsforthediagramoftheequationsofmotion
infigure7 aregivenintableII.
..
-. ..—— — —————-
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